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In heavy-fermion superconductors, it is widely believed that the superconducting gap function
has sign-reversal due to the strong electron correlation. However, recently discovered fully-gapped
s-wave superconductivity in CeCu2Si2 has clarified that strong attractive pairing interaction can
appear even in heavy-fermion systems. To understand the origin of attractive force, we develop
the multipole fluctuation theory by focusing on the inter-multipole many-body interaction called
the vertex corrections. By analyzing the periodic Anderson model for CeCu2Si2, we find that
hexadecapole fluctuations mediate strong attractive pairing interaction. Therefore, fully-gapped s-
wave superconductivity is driven by pure on-site Coulomb repulsion, without introducing electron-
phonon interactions. The present theory of superconductivity will be useful to understand rich
variety of the superconducting states in heavy fermion systems.
Heavy fermion (HF) systems exhibit wide variety of
unconventional superconductivities [1–3]. For example,
antiferro- and ferro- magnetic dipole (rank 1) fluctuations
mediate interesting pairing states, such as d-wave singlet
pairing in CeM In5 (M=Rh,Co,Ir) [4] and triplet pairing
in UCoGe [5]. Since the magnetic dipole fluctuations me-
diate repulsive pairing interaction, the superconducting
gap function inevitably has sign-reversal [6–10]. How-
ever, there are many pairing states in HF systems that
cannot be understood based by the rank 1 fluctuations
mechanism. In HF systems, it is noteworthy that higher-
rank (r ≥ 2) multipole operators are also active thanks to
the strong spin-orbit interaction (SOI), and therefore rich
multipole physics emerges. Although higher-rank multi-
pole fluctuations in principle cause exotic pairing states,
theoretical studies have not been performed enough.
CeCu2Si2 is a famous HF superconductor near the
magnetic criticality [11–14], and recently reported fully-
gapped structure in CeCu2Si2 attract considerable atten-
tion [15–18]. The absence of nodes is confirmed by the
measurements of the specific heat, thermal conductiv-
ity and penetration depth for T ≪ Tc. In addition, ro-
bustness of Tc against randomness strongly indicates the
plain s-wave state without any sign-reversal [17]. Theo-
retically, magnetic multipole (MM) (r = 1, 3, 5) fluctua-
tions will cause sign-reversing pairing states [19]. There-
fore, electric multipole (EM) (r = 2, 4) fluctuations that
give attractive pairing interaction would be important in
CeCu2Si2, whereas the microscopic origin of EM fluctu-
ations is unknown.
The minimum theoretical model of CeCu2Si2 is the
four-orbital (Jz = ±5/2,±3/2) periodic Anderson model
(PAM) with on-site Coulomb interaction. However, if
we apply the random-phase-approximation (RPA) to this
model, none of EM fluctuations develop. This nega-
tive result indicates the significance of the vertex cor-
rections (VCs), which represent the many-body effects
beyond the RPA. Recently, it was revealed that higher-
rank multipole fluctuations develop cooperatively due to
the Aslamazov-Larkin (AL) type χ-VC, which is the VC
for the susceptibility, in the study of multipole order in
CeB6 [20]. Physically, the AL-VC gives strong interfer-
ence between EM and MM fluctuations. Also, the attrac-
tive pairing interaction (such as phonon-mediated inter-
action) is strongly magnified by the U -VC, which is the
VC for the electron-boson coupling in the gap equation
[21]. Considering these VCs properly, mysterious plain s-
wave superconductivity in CeCu2Si2 may be understood
in terms of the EM fluctuation mechanism, even if the
e-ph interaction is absent.
In this paper, we develop a theory of multipole fluctu-
ation mediated superconductivity in HF systems based
on the multiorbital PAM. Due to the AL-VC for sus-
ceptibility (χ-VC), strong quadrupole and hexadecapole
fluctuations develop even in the absence of e-ph interac-
tion. In CeCu2Si2, the hexadecapole fluctuations medi-
ate strong attractive pairing interaction, and it is mag-
nified by the AL-VC for the electron-boson coupling (U -
VC) in the gap equation. Thus, fully-gapped s-wave state
is caused by the hexadecapole fluctuations against strong
on-site repulsive Coulomb interaction. The present pair-
ing mechanism may be significant to understand various
HF superconductors.
Now, we introduce a two-dimensional J = 5/2 PAM for
CeCu2Si2. According to the LDA+DMFT study [22], the
following f -electron states in Jz-basis are important near
the Fermi level: |f1,Σ〉 = | ∓
5
2 〉 and |f2,Σ〉 = −| ±
3
2 〉,
where Σ = ± denotes pseudo-spin [21, 23]. The kinetic
term of the Γ
(1)
7 -Γ
(2)
7 quartet PAM is given by
Hˆ0 =
∑
kσ
ǫkc
†
kσckσ +
∑
klσ
Eklf
†
klσfklσ +
(
V ∗klσf
†
klσckσ + h.c
)
,
where c†kσ (f
†
klσ) is a creation operator for s (fl)-electron
with momentum k. Here, we put Σ = σ since the
pseudo-spin is conserved in the present PAM [21]. We set
ǫk = 2tss(cos kx + cos ky) + ǫ0 and Ekl = E
f
l − (−1)
lδEk
(l = 1, 2). Here, δEk is given by small f -f hopping in-
2tegrals (|δEk| < 0.12|tss|) as we explain in the supple-
mental material (SM) A[24]. Vklσ is the f -s hybridiza-
tion term between the nearest sites, given as Vklσ =
(−1)ltlsf (sin ky−iσ sinkx) [21]. To make the analysis sim-
ple, we setEf1 = E
f
2 ≡ E
f and t1sf = t
2
sf ≡ tsf . Then, the
relation D1(ǫ) = D2(ǫ) holds, where Dl(ǫ) is the density
of states (DOS) of fl-electrons. This is consistent with
the relation D1(0) ≈ D2(0) given by LDA+DMFT study
of CeCu2Si2 [22, 25]. In the following numerical study, we
set tss = −1.0, E
f = 0.1, ǫ0 = 3.0, tsf = 0.62, tempera-
ture T = 0.045 and the chemical potential µ = −0.143.
Then, f(s)-electron number is nf = 0.9 (ns = 0.3).
In Fig.1 (a), we show the band structure. ǫ = 0
corresponds to the Fermi level. The total band width
is WD ∼ 10 (in unit |tss| = 1), and WD ∼ 10eV in
CeCu2Si2 [19]. The width of quasi-particle band (=the
lowest band) is W qpD ∼ 1. The Fermi surface (FS) is
shown in Fig.1 (b). The anisotropy of fl-orbital weight
on the FS is introduced by δEkl, which exists in real
HF compounds. We call the present PAM with orbital
anisotropy the model A. We will discuss later that the
orbital anisotropy is favorable for the s-wave state.
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FIG. 1: (a) Band dispersion and (b) the FS of the present
PAM with δEk (model A). Red (green) color corresponds
to the weight of f1(f2)-orbital, w1(k) (w2(k)). The ratio
w1(k)/(w1(k) + w2(k)) on the FS ranges about 0.1− 0.9.
We introduce the interaction term HˆU = uHˆ
0
U . Here,
Hˆ0U =
1
4
∑
LL′MM ′ U
0
L,L′;M,M ′f
†
LfL′fMf
†
M ′ , where L =
(l, σ) and M = (m, ρ). Uˆ0 is the 16 × 16 normalized
Coulomb interaction, of which the maximum element is
unity [21]. The pseudo-spin is conserved in HˆU .
The present model belongs to D4h point group.
The active irreducible representation (IR) are Γ+ =
A+1 , A
+
2 , E
+ and Γ− = A−1 , A
−
2 , E
− [21]. In TABLE I,
we show the active EM operators and their approximate
pseudo-spin representations. The 4 × 4 matrix form of
each multipole operator Qˆ is shown in the SM B [24].
From now on, we calculate the f -electron susceptibil-
ities. The bare irreducible susceptibility is χ0α,β(q) =
−T
∑
k G
f
LM (k + q)G
f
M ′L′(k), where q ≡ (q, ωj) =
(q, 2jπT ), α ≡ (L,L′) and β ≡ (M,M ′). Gˆf is the
f -electron Green function without self-energy [21]. To
go beyond the RPA, we calculate the AL term for χ-
VC, XˆAL. Its diagrammatic expression and analytic one
IR (Γ) rank (k) operator (Qˆ) matrix
0 Cˆ σˆ0τˆ 0
A+1 2 Oˆ20 σˆ
0(3τˆ z + 2τˆ 0)
4 Hˆ0 σˆ
0(−2.2τˆx + 2τˆ z − τˆ 0)
A+2 4 Hˆz σˆ
z τˆy
E+ 2 Oˆyz, Oˆzx σˆ
xτˆy, σˆy τˆy
TABLE I: Simple expressions of active EM operators in the
Γ
(1)
7 -Γ
(2)
7 quartet model.
are respectively given in Fig.2 (a) and in the SM C [24].
Since χ-VC is important only for EM susceptibilities, we
project out the magnetic channel contribution of χ-VC
[20, 26–30]. We also drop the MT-type VC since its con-
tribution is small [20, 26–30]. Then, the f -electron sus-
ceptibility in the 16× 16 matrix form is given as
χˆ(q) = φˆ(q)(1ˆ − uUˆ0φˆ(q))−1, (1)
where φˆ(q) = χˆ0(q) + XˆAL(q) is irreducible susceptibil-
ity. To derive the multipole susceptibility, we solve the
following eigenvalue equation
χˆ(q, 0)~wΓq = χ¯
Γ
q ~w
Γ
q , (2)
where ~wΓ is the eigenvector that belongs to the IR Γ. It
is expressed as ~wΓ =
∑
Q∈Γ bQ
~Q, where bQ is real coef-
ficient and ~Q is 16× 1 vector defined as ( ~Q)α ≡ (Qˆ)L,M
with α = (L,M). Then, the largest eigenvalue χ¯Γq gives
the multipole susceptibility for the IR Γ.
In Fig.2 (b), we show the obtained χ¯Γmax ≡ maxq{χ¯
Γ
q}
for each Γ. With increasing u, all the EM fluctuations
strongly develop thanks to the AL-VC. Thus, large EM
susceptibilities originate from the interference of MM
fluctuations, as discussed in the study of multipole order
in CeB6 [20]. For the EM susceptibilities, the maximum
position of χ¯Γq for Γ = A
+
1 is q ≈ (π, π), whereas that for
Γ = A+2 , E
+ is q ≈ (0, 0). For the MM susceptibilities,
the maximum position for Γ = A−2 , E
− is q ≈ (π/2, π/2).
In the next stage, we solve the linearized gap equation
with U -VC introduced in Ref. [21]:
λ∆(k) =
πT
(2π)2
∑
ǫm
∮
FS
dp
vp
∆(p)
|ǫm|
V singkp , (3)
where k = (k, ǫn) = (k, (2n + 1)πT ) and p = (p, ǫm) =
(p, (2m+ 1)πT ). ∆(k) is the gap function on the FS, λ
is the eigenvalue, and vp is the Fermi velocity. V
sing
kp is
the spin singlet paring interaction in band basis, given by
the unitary transformation of Vˆ singkp ≡ Vˆ
χ
kp + Vˆ
U
kp. Here,
Vˆ χkp = {u
2ΛˆkpUˆ
0χˆ(k − p)Uˆ0Λˆ′kp}↑↑↓↓ − { }↑↓↑↓,
Vˆ Ukp = u{ΛˆkpUˆ
0Λˆ′kp}↑↑↓↓ − { }↑↓↑↓, (4)
where V χ (V U ) gives the pairing interaction due to fluc-
tuations (Coulomb repulsion). Λˆkp and (Λˆ
′
kp)LL′MM ′ ≡
30.54 0.55 0.560
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FIG. 2: (a) Diagram of irreducible susceptibility with AL-
VCs. (b) Obtained susceptibility for each IR. EM suscepti-
bilities (Γ = E+, A+2 , A
+
1 ) develop due to the AL-VC.
(Λˆkp)M ′ML′L are AL-type U -VCs [21]. The expression of
Λˆkp is given in Ref. [21] and SM C [24].
The gap equation is schematically shown in the inset
of Fig.3, where the black triangle is the U -VC. As ex-
plained in Ref. [21], |Λˆ|2 ≫ 1 for the electric channel in
the presence of MM fluctuations. Therefore, the pairing
interaction due to hexadecapole or quadrupole fluctua-
tions is strongly enlarged by |Λˆ|2 ≫ 1. As shown in
Fig.3, when u > 0.55, the dx2−y2 -wave state is replaced
with the s-wave state mediated by the strong EM fluctu-
ations in Fig. 2 (b). The obtained s-wave state is fully
gapped without sign reversal, consistently with experi-
ments in CeCu2Si2.
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FIG. 3: Obtained eigenvalue as the function of Coulomb in-
teraction u. The dx2−y2-wave state is replaced with the fully
gapped s-wave state for u > 0.55.
Now, we discuss the origin of the s-wave superconduc-
tivity. For this purpose, we decompose the susceptibility
into the summation of (Q,Q′)-channel as [20, 21]
χˆ(q) =
∑
QQ′
χˆQQ
′
(q), χˆQQ
′
(q) ≡ χQQ
′
q
~Q( ~Q′)†, (5)
where χQQ
′
q is s scalar multipole susceptibility. Then,
{ ~Q} forms a complete non-orthogonal basis: ( ~Q)† ~Q′ is
unity for Q = Q′, whereas it is zero when Q and Q′
belong to different IR. Note that χ¯Γq is the maximum
eigenvalue of the Hermite matrix composed of χQQ
′
q with
Q,Q′ ∈ Γ.
Then, the (Q,Q′)-fluctuation-induced paring interac-
tion in the band basis, V χ,QQ
′
kp , is given by the unitary
formation of
Vˆ χ,QQ
′
kp = {u
2ΛˆkpUˆ
0χˆQQ
′
(k − p)Uˆ0Λˆ′kp}↑↑↓↓ − { }↑↓↑↓.(6)
In Fig.4 (a), we show the EM-fluctuation-mediated
interaction averaged on the FS, V χ,QQ
′
≡∫
FS
dkdpV χ,QQ
′
kp /
∫
FS
dkdp, for Q = Q′, together with the
total EM-fluctuation interaction V χ,EM ≡
∑EM
QQ′ V
χ,QQ′ .
In the present model with δEk (model A), the contribu-
tion from the hexadecapole (H0) fluctuations in the A
+
1
representation is the largest, while other EM fluctuations
are also important. For comparison, we analyze the
orbital isotropic model with δEk = 0, which we call
the model I. Surprisingly, in the model I, multipole
fluctuations other than H0 do not contribute to the
s-wave pairing, irrespective that all EM (E+, A+2 , A
+
1 )
susceptibilities develop similarly to Fig. 2 (b) for model
A. The FS and its orbital character in each model are
shown in Figs.4 (c) and (d). In model I, the orbital
weight is perfectly isotropic, whereas the shape of FS is
almost model-independent.
Figure 4 (e) shows the s-wave pairing interactions V χ
and V U averaged over the FS. Both V χ and |V U | in-
crease with u in both models due to large U -VC for the
EM channel [21]. In model I, the total pairing interac-
tion V sing = V χ+V U is always negative (=repulsive), so
the d-wave state appears. In model A, in contrast, V sing
becomes positive with u since not only H0 fluctuations,
but also other EM fluctuations contribute to the attrac-
tive pairing when δEk 6= 0. Therefore, the fully-gapped
s-wave state is realized in model A. As shown in Fig. 3,
the eigenvalue λ for the s-wave state is very large because
of the retardation effect as we explain in the SM D [24].
In fact, V sing due to EM fluctuations is attractive only
for lower frequencies.
Finally, we discuss why all EM fluctuations contribute
to the s-wave state in model A (δEk 6= 0). Since the
relation D1(ǫ) ≈ D2(ǫ) holds even if δEk exists, the
obtained EM- and MM-fluctuations are similar in both
model A and I. On the other hand, the “inter-orbital
pairing 〈fk1↑f−k2↓〉” is suppressed in model A due to the
k-dependence of the orbital character on the FS. The ab-
sence of inter-orbital pairing is favorable for s-wave state
as we will discuss later.
One may expect that any EM fluctuations causes the
attractive pairing interaction. However, some elements
of the EM susceptibility χˆQQ
′
(q, 0) = χQQ
′
q
~Q( ~Q′)† are
negative except for Q = Q′ = C, so the cancella-
tion of pairing interaction may occur. (For example,
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FIG. 4: Obtained V χ,QQ and V χ,EM due to the EM fluctua-
tions in (a) model A and (b) model I. (c),(d) Orbital character
on the FS. (e) Obtained paring interactions V χ and V U . For
model I, the horizontal axis is shifted by +0.073.
{χˆQQ(q)}1↑,2↓;1↑,2↓ < 0 for Q = Oyz,zx.)
Now, we consider the gap equation when the pairing
interaction is given as Vˆ (µν) = g¯ ~Pµν(~Pµν)
†, where g¯ > 0
and Pˆµν ≡ σˆµτˆν (µ, ν = 0, x, y, z). All the EM operators
are given by (linear combination of) Pˆµν with (µν) =
(00), (0x), (0z), (xy), (yy), (zy). The gap equation with
BCS type cut-off ωc in the orbital basis is
λ∆ˆ ≈ T
∑
k
g¯ tPˆµνGˆ
f (k)∆ˆGˆf (−k)Pˆµνθ(ωc − |ǫn|). (7)
As explained in Ref. [21], Gˆf is expressed as
Gflm(k) = G
0
l (k)δl,m + (−1)
l−mrkG
0
l (k)G
0
m(k)G
c(k), (8)
where Gc(k) = (iǫn− ǫk −
∑
l rkG
0
l (k))
−1 is the c-Green
function, rk ≡ |Vk1↑|
2, and G0l (k) = (iǫn − Ekl)
−1 is
the unhybridized f -Green function. We neglect the first
term in Eq. (8) since it does not give −lnT term in gap
equation. Therefore, in model I (δEk = 0), the relation
Gˆ ∝ σˆ0(τˆ0 − τˆx) holds since G
0
1 = G
0
2. In model A with
large |δEk| (≫ |Vk1↑|
2), the relation Gˆ ∝ σˆ0τˆ0 holds
approximately.
Here, we set Gˆ ∝ σˆ0(τˆ0 − aτˆx) and ∆ˆ ∝ iσˆy(∆0τˆ0 +
∆xτˆx): a = 1 (a = 0) corresponds to model I (model A
with |δEk| ≫ |Vk1↑|
2). In this case,
Gˆ∆ˆGˆ ∝ ((1 + a2)∆0 − 2a∆x)iσˆy τˆ0
+((1 + a2)∆x − 2a∆0)iσˆy τˆx. (9)
Then, the eigenvalue of the gap equation is
λ = g(1 + a)2 for (µν) = (00), (0x), (10)
λ = g(1− a)2 for (µν) = (0z), (xy), (yy), (zy),(11)
where g = g¯D1(0)ln(ωc/T ).
In Fig.5, we summarize the eigenvalue λ for each EM
pairing interaction, in the case of a = 0 (intra orbital
Cooper pair) and a = 1 (intra+inter orbital Cooper pair).
We note that Pˆ0z ∝ Oˆ20−2Cˆ and Pˆ0x ∝ −3Hˆ0+2Oˆ20+Cˆ.
In case of a = 0, all EM fluctuations contribute to the
pairing. In case of a = 1, however, only Pˆ0x and C
channels contribute to the pairing. In the present PAM,
charge (C) fluctuations are small, so they do not con-
tribute to the pairing. Since Pˆ0x is included only in H0
hexadecapole, the H0 fluctuations give dominant s-wave
pairing interaction. To summarize, the pairing interac-
tion increases if the inter orbital Cooper pairs are killed
by finite |δEk|, so the numerical results in Fig.4 are well
understood.
orbital 1
orbital 2 orbital 1
g
 0
orbital 1
+
 (inter+intra orbital CP)a=1 (intra orbital CP)a=0
orbital 1
orbital 1
 0
model
g
g
g
4g
4g
, ,
FIG. 5: Eigenvalue λ due to Pˆµν EM interaction for a =
0 (intra orbital Cooper pair (CP)) and a = 1 (intra+inter
orbital CP). Except for Pˆ0x and Cˆ = Pˆ00, the EM fluctuations
give repulsive interaction for inter-orbital Cooper pair.
In summary, we studied the multipole fluctuation me-
diated superconductivity in HF systems based on the
Γ
(1)
7 -Γ
(2)
7 quartet PAM. Due to the AL-type χ-VC, strong
quadrupole and hexadecapole fluctuations develop, and
the resultant attractive interaction is enlarged by the
U -VC in the gap equation. In CeCu2Si2, H0 hexade-
capole fluctuations mediate strong attractive pairing in-
teraction. The s-wave state is further stabilized by in-
troducing small δEkl, by which the inter-orbital Cooper
pairs are killed. Moreover, if we introduce the e-ph inter-
action, both U -VCs (χ-VC and U -VC) and e-ph interac-
tion would enlarge s-wave Tc cooperatively [21, 31–34].
The present pairing mechanism may be significant to un-
derstand various HF superconductors.
There are many important future issues, such as the
self-energy effect [22, 35–39] and verificatoin of the multi-
orbital nature of the FS [22, 25, 40, 41]. Also, P -induced
second superconducting phase of CeCu2Si2 is an impor-
tant issue [14].
5We are grateful to P. Fulde, Y. Matsuda, I. Ishida,
T. Shibauchi, Y. Mizukami, S. Kittaka, S. Onari and Y.
Yamakawa for useful comments and discussions. This
study has been supported by Grants-in-Aid for Scientific
Research from MEXT of Japan.
[1] G. R. Stewart, Rev. Mod. Phys. 56, 755 (1984).
[2] C. Peiderer, Rev. Mod. Phys. 81, 1551 (2009).
[3] B.D. White, J. D. Thompson, and M. B. Maple, Physica
C, 514, 246 (2015).
[4] K. Izawa, H. Yamaguchi, Y. Matsuda, H. Shishido, R.
Settai, and Y. Onuki, Phys. Rev. Lett. 87, 057002 (2001).
[5] D. Aoki, K. Ishida, and J. Flouquet, J. Phys. Soc. Jpn.
88, 022001 (2019).
[6] T. Moriya and K. Ueda, Adv. Phys. 49, 555 (2000).
[7] Y. Yanase, T. Jujo, T. Nomura, H. Ikeda, T. Hotta, and
K. Yamada, Physics Reports 387, 1 (2003).
[8] H. Kontani, Rep. Prog. Phys. 71, 026501 (2008).
[9] P. Monthoux and D. J. Scalapino, Phys. Rev. Lett. 72,
1874 (1994).
[10] T. Takimoto, T. Hotta, and K. Ueda, J. Phys.: Condens.
Matter, 15, S2087 (2003).
[11] F. Steglich, J. Aarts, C. D. Bredl, W. Lieke, D. Meschede,
W. Franz, and H. Schafer, Phys. Rev. Lett. 43, 1892
(1979).
[12] H. Q. Yuan, F. M. Grosche, M. Deppe, C. Geibel, G.
Sparn, and F. Steglich, Science 302, 21042107 (2003).
[13] K. Ishida, Y. Kawasaki, K. Tabuchi, K. Kashima, Y.
Kitaoka, K. Asayama, C. Geibel, F. Steglich, Phys. Rev.
Lett. 82, 5353 (1999).
[14] A. T. Holmes, D. Jaccard, and K. Miyake, Phys. Rev. B
69, 024508 (2004).
[15] S. Kittaka, Y. Aoki, Y. Shimura, T. Sakakibara, S. Seiro,
C. Geibel, F. Steglich, H. Ikeda, and K. Machida, Phys.
Rev. Lett. 112, 067002 (2014).
[16] S. Kittaka, Y. Aoki, Y. Shimura, T. Sakakibara, S. Seiro,
C. Geibel, F. Steglich, Y. Tsutsumi, H. Ikeda, K. Machida,
Phys. Rev. B 94, 054514 (2016).
[17] T. Yamashita, T. Takenaka, Y. Tokiwa, J. A. Wilcox,
Y. Mizukami, D. Terazawa, Y. Kasahara, S. Kittaka, T.
Sakakibara, M. Konczykowski, S. Seiro, H. S. Jeevan, C.
Geibel, C. Putzke, T. Onishi, H. Ikeda, A. Carrington, T.
Shibauchi, and Y. Matsuda, Sci. Adv. 3, e1601667 (2017).
[18] G. Pang, M. Smidman, J. Zhang, L. Jiao, Z. Weng, E. M.
Nica, Y. Chen, W. Jiang, Y. Zhang, W. Xie, H. S. Jeevan,
H. Lee, P. Gegenwart, F. Steglich, Q. Si, and H. Yuan,
Proc. Natl. Acad. Sci. USA 115, 5343 (2018).
[19] H. Ikeda, M.-T. Suzuki, and R. Arita, Phys. Rev. Lett.
114, 147003 (2015).
[20] R. Tazai and H. Kontani, arXiv:1901.06213
[21] R. Tazai and H. Kontani, Phys. Rev. B 98, 205107
(2018).
[22] L. V. Pourovskii, P. Hansmann, M. Ferrero, and A.
Georges, Phys. Rev. Lett. 112, 106407 (2014).
[23] A. Amorese, N. Caroca-Canales, S. Seiro, C. Krellner, G.
Ghiringhelli, N. B. Brookes, D.V. Vyalikh, C. Geibel, and
K. Kummer, Arxiv:1803.11068.
[24] Suppremental Materials
[25] The relation |Vk1σ | ≈ 2|Vk2σ| holds. in CeCu2Si2 accord-
ing to Ref. [22]. Nonetheless, the relation D1(0) ≈ E2(0)
holds since Ef1 is higher than E
2
f . In the present model, we
set |Vk1σ| = |Vk2σ | and E
f
1 = E
f
2 to simplify the analysis.
[26] S. Onari and H. Kontani, Phys. Rev. Lett. 109, 137001
(2012).
[27] Y. Yamakawa, S. Onari, and H. Kontani, Phys. Rev. X
6, 021032 (2016).
[28] R. Tazai, Y. Yamakawa, M. Tsuchiizu and H. Kontani,
J. Phys. Soc. Jpn. 86, 073703 (2017).
[29] R. Tazai, Y. Yamakawa, M. Tsuchiizu, H. Kontani, Phys.
Rev. B 94, 115155 (2016).
[30] M. Tsuchiizu, Y. Yamakawa, S. Onari, Y. Ohno, and H.
Kontani, Phys. Rev. B 91, 155103 (2015).
[31] H. Razafimandimby, P. Fulde, and J. Keller, Z. Phys. B
54, 111 (1984).
[32] F. J. Ohkawa, J. Phys. Soc. Jpn. 56, 713 (1987).
[33] K. Miyake, T. Matsuura, H. Jichu, and Y. Nagaoka,
Prog. Theor. Phys. 72, 713 (1984).
[34] H Kontani and S Onari, Phy. Rev. Lett. 104, 157001
(2012).
[35] K. Haule and G. Kotliar, Nat. Phys. 5, 796 (2009).
[36] A. Georges, G. Kotliar, W. Krauth, and M. J. Rozenberg,
Rev. Mod. Phys. 68, 13 (1996).
[37] G. Kotliar and D. Vollhardt, Physics today 57, 53 (2004).
[38] K. Held, Adv. Phys. 56, 829 (2007).
[39] J. H. Shim, K. Haule, and G. Kotliar, Science Science
318, 1615 (2007).
[40] G. Zwicknagl and U. Pulst, Physica B 186-188, 895
(1993).
[41] K. Hattori, J. Phys. Soc. Jpn. 79, 114717 (2010).
1[Supplementary Material]
Hexadecapole fluctuation mechanism for s-wave heavy fermion superconductor CeCu2Si2:
Interplay between intra- and inter-orbital Cooper pairs
Rina Tazai and Hiroshi Kontani
Department of Physics, Nagoya University, Nagoya 464-8602, Japan
A: Model Hamiltonian
In this section, we introduce the f -f hopping inte-
grals, by which the fl-orbital weight has momentum-
dependence on the FS. The obtained f -electron kinetic
term is [1]
Hˆff =
∑
klσ
Eklf
†
klσfklσ. (S1)
Here, we set Ek1 ≡ E1 + δEk and Ek2 ≡ E2 − δEk.
To reproduce the k-dependent δEk shown in Fig.S1, we
introduce from the first to fifth neighbor hopping inte-
grals according to Refs.[1, 2]. The obtained momentum-
dependence of fl-orbital weight on the FS is shown in
Fig. 1 (b) in the main text.
As discussed in Ref. [1], the RPA susceptibility is in-
sensitive to δEk since the fl-orbital DOS, Dl(ǫ), is inde-
pendent of δEk. In the present study, we verified that
both χ-VC and U -VC are also insensitive to δEk.
0 0
0 0
-0.2
0
0
-0.2 +0.2
FIG. S1: The FS with f -f hopping. Each number at k shows
intra-orbital energy shift δEk.
In HF systems, the quadrupole susceptibility remains
small within the RPA. To understand this result, we ex-
amine the (Q,Q′) component of normalized Coulomb in-
teraction:
UQ,Q
′
0 = (
~Q)†Uˆ0 ~Q′. (S2)
TABLE II shows the diagonal component UQ0 ≡ U
Q,Q
0 .
Since UQ0 for the EM channels is much smaller than that
for the MM channels, the EM susceptibilities are small
within the RPA. Nonetheless of this fact, EM suscepti-
bilities strongly develop by considering the AL-VC, since
XAL for the EM channel becomes large when moderate
MM fluctuations exist.
Q C O20 H0 Hz Oyz(zx)
UQ0 -1.3 -0.18 0.17 0.34 0.27
Q Jz Tz Dz(4) Jx(y) Tx(y) Dx(y)
UQ0 0.56 0.44 0.55 0.49 0.49 0.50
TABLE II: Normalized Coulomb interaction for Q-multipole
channel, UQ0 .
B: Pseudospin representation of multipole operators
Here, we list the multipole operators Qˆ in the present
CeCu2Si2 model, which were already explained in Ref.
[1]. The EM (even-rank) operators in the 4 × 4 matrix
form are expressed as
A+1


Cˆ = σˆ0τˆ0,
Oˆ20 = σˆ
0
(
2.00τˆ0 + 3.00τˆz
)
,
Hˆ0 = σˆ
0
(
−5.73τˆ0 + 11.5τˆz − 12.8τˆx
)
,
A+2
{
Hˆz = −19.8σˆzτˆy,
E+
{
Oˆyz = −3.87σˆ
xτˆy ,
Oˆzx = +3.87σˆ
yτˆy .
(S3)
The MM (odd-rank) operators are given by
A−1
{
Dˆ4 = +29.8iσˆ
0τˆy ,
A−2


Jˆz = σˆz
(
0.50τˆ0 + 2.00τˆz
)
,
Tˆ z = σˆz
(
9.00τˆ0 − 1.50τˆz
)
,
Dˆz = −29.8σˆzτˆx,
E−


Jˆx = −1.12σˆxτˆx,
Jˆy = −1.12σˆyτˆx,
Tˆ x = σˆx
(
3.75τˆ0 − 3.75τˆz + 5.03τˆx
)
,
Tˆ y = σˆy
(
3.75τˆ0 − 3.75τˆz + 5.03τˆx
)
,
Dˆx = σˆx
(
23.0τˆ0 − 6.56τˆz − 3.14τˆx
)
,
Dˆy = σˆy
(
23.0τˆ0 − 6.56τˆz − 3.14τˆx
)
,
(S4)
where σˆµ and τˆµ(µ = x, y, z) are Pauli matrices for the
pseudo-spin and orbital basis, respectively. σˆ0 and τˆ0 are
identity matrices.
2The row and column of the Hermite matrix Qˆ for each
operator is given as L = (l, σ), where l = 1, 2 represents
the f -orbital and σ =↑, ↓ represents the pseudo spin. In
the main text, we also introduce the vector representation
defined as ( ~Q)α = (Qˆ)L,L′ , where α = (L,L
′).
C: Analytic expressions of vertex corrections
From now on, we introduce the analytic expressions of
χ-VC [3] and U -VC [1] due to AL diagrams. First, we
discuss the χ-VCs, whose diagrammatic expressions are
shown in Fig. 2 (a) in the main text. The expression for
the AL1 term is given as
XAL1αβ (q) =
T
2
∑
α′α′′β′β′′p
Cαα′β′′(q, p)Vα′β′(p− q)
×Vα′′β′′(p)C
β∗
β′α′′(q¯, p¯), (S5)
where p ≡ (p, ωj), p¯ ≡ (p,−ωj), and Vˆ (q) ≡
u2Uˆ0χˆ(q)Uˆ0 + uUˆ0 is the dressed interaction given by
the RPA. The three-point vertex in Eq. (S9) is given as
CEFABCD(q, p) ≡ −T
∑
k
GfAF (k − q)G
f
EC(k)G
f
DB(k − p),(S6)
where Gˆf is the f -electron Green function. Also, the
expression for the AL2 term is given as
XAL2αβ (q) =
T
2
∑
α′β′α′′β′′p
C
′α
α′β′′(q, p)Vβ′′β′(p− q)
× Vα′′α′(p)C˜
′β
α′′β′(q, p), (S7)
where
C
′EF
ABCD(q, p) ≡ −T
∑
k
GfBF (k − q)G
f
ED(k)G
f
CA(k − q + p),
C˜
′EF
ABCD(q, p) ≡ −T
∑
k
GfAE(k + q)G
f
FC(k)G
f
DB(k + q − p).
The total χ-VC is given by XˆAL = XˆAL1 + XˆAL2, by
subtracting the double counting second order diagrams
of order u2.
Next, we explain the U -VC in the gap equation. It is
given as
(Λˆkk′ )LL′MM ′ = δLMδL′M ′ + (Lˆkk′ )LL′MM ′ . (S8)
In the main text, we calculate the AL diagrams for Lˆkk′ .
It is expressed as
(Lˆkk′ )LL′MM ′ =
T
2
∑
p,ABCDEF
BMM
′
ABCDEF (k − k
′, p, k′)
×VLACD(k − k
′ + p)VBL′EF (−p), (S9)
where
BMM
′
ABCDEF (q, p, k
′) = GfAB(k
′ − p)
×
{
C
′′MM ′
CDEF (q, p) + C
′′MM ′
EFCD(q, q + p)
}
(S10)
and
C
′′AB
CDEF (q, p)≡−T
∑
k′
GfCA(k
′ + q)GfBF (k
′)GfED(k
′ − p).
(S11)
D: Gap equation and retardation effect
Here, we comment on the retardation effects. In
Fig.S2, we show the obtained paring interaction on the
FS defined as V singmax (ωj) ≡ maxk,k′{V
sing
(k,πT )(k′,πT+ωj)
}.
The paring interaction is attractive (positive) at ωj = 0,
whereas it becomes to repulsion for ωj > 0. For this rea-
son, the gap function defined as ∆(ǫn) ≡ maxk{∆(k, ǫn)}
shows the sign-change as the function of ǫn, as shown in
the inset of Fig.S2. This is a hallmark of the retarda-
tion effects due to the strong ωj-dependence of the EM
(even-rank) fluctuation. Since the depairing due to di-
rect Coulomb interaction is reduced by the retardation
effect, the fully-gapped s-wave superconductivity can be
stabilized in HF systems.
0
0.5
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-0.5
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0
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FIG. S2: Obtained paring interaction V singmax (ωj) and gap func-
tion ∆(ǫj) (inset) as the function of Matsubara frequency.
Strong retardation effect is recognized.
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